Abstract -Metamaterials in the terahertz range or higher typically have gaps that are far from an ideal parallel plate due to microfabrication limitations on feature size. This work examines the exact solution to the square parallel plate capacitor and finds a valid approximation for capacitance in non-ideal geometries, when the gap size is comparable or larger than the dimensions of the plates.
I. INTRODUCTION
The LC model is widely used to determine the resonant frequency of a split-ring resonator. Typically, the ideal parallel-plate capacitance, plus either an additive or multiplicative correcting factor, is utilized to calculate the gap capacitance of a split-ring resonator. An approximate analytical capacitance formula for parallel plate capacitors was first developed by Love and Maxwell [1] - [2] . However, Love's and Maxwell's formulas assumed large values of R (ratio of plate width to gap width). Palmer subsequently derived a capacitance per unit length formula for rectangular capacitors that is applicable to any ratio of width to gap [3] . Palmer's method will be examined in detail in this work. In order to find the capacitance of the parallel plate model, Palmer utilized a Schwartz-Christoffel transformation, which is a way to map polygons into lines and other simple shapes on a different complex space. He derives an implicit relation between R (ratio of plate width to gap width) and C pul , the capacitance per unit length, in terms of complete and incomplete elliptic integrals of the first and second kind. For more details, see [3] . Although a straightforward relationship between R and C pul cannot be found for this geometry, the implicit equations can be numerically determined with the help of modern computer software. Comparisons of his exact solution and the ideal parallel plate solution are shown in Fig. 1 . 
A. Approximating per unit length capacitance from analytical solution
Palmer's exact solution was used as a starting point for developing the capacitive model shown in (1) . It is specifically designed for values of R that are less than 10. There are two major contributors in (1) which have conceptual significance. The first is ( + ), which is a linear relationship between R and capacitance, and is very much similar to the ideal parallel plate capacitor. This captures the idea that the existence of fringing fields, and thus electric field lines, would slightly increase the capacitance of a parallel plate capacitor. After performing a linear curve fit over the linear region of C pul (values of R greater than 6), the parameters were found . 
The second factor, is defined in (2) . It characterizes the downward curve in capacitance when R is near zero. A Padé approximation in natural logarithms was found to model this data well. This deducting factor accounts for the loss of electric field line density between the plates due to increased separation. As R decreases, the geometry looks less and less like a parallel plate capacitor. Overall, the model described in (1) is accurate to within one percent of the Palmer's exact solution over the range of R values between 0 and 10.
For very small values of R, Palmer noted that the capacitance could be safely modeled as a parallel-plate capacitor with circular plates, for which the capacitance was known to be proportional to the negative inverse logarithm of R [3] . That model, despite its highly desirable simplicity, was not adopted in this work because it did not resolve well in the subsequent discussions of finding total parallel plate capacitance of a threedimensional capacitor.
B. Finding total parallel-plate capacitance
The total parallel plate capacitance of a three-dimensional structure can be calculated by multiplying the perunit capacitance in one direction by the other plate dimension of the capacitor. However, this means that there are two possible capacitance values that can be calculated, depending on which plate dimension, w or , is used for the ratio R. The two possibilities (3) and (4) are shown below.
The pictures in Fig. 2 portray the electric field lines that each capacitance formula represents. They are both lacking one piece of the fringing field; the most 'correct' electric field line portrait would be one in which the green, grey, and orange lines are all present on one structure. However, an estimate of the full capacitance can still be extracted because of the similarity of the equations (3) and (4): they both have the same first term ( / ). If the first term is assumed to contain the electric field contribution between the plates (shown as grey arrows in Fig. 3) , then the total capacitance of this structure can be approximated as in (5).
VI. SIMULATIONS COMSOL Multiphysics® was utilized to verify the accuracy of the presented capacitance formula. The base capacitor geometry has plate dimensions of 5 μm by 300 nm, with a gap height of 3 μm. These dimensions are common for single split-ring resonators in the THz range. The smaller, nanometer-range dimension corresponds to the thickness of the deposited metal during the microfabrication process, and was kept constant during the parametric analysis of capacitances. A comparison between simulation and analytical data is shown in Fig. 3 . The proposed formula corresponds very well with the simulation data. In addition, since one dimension of the capacitor plates is always going to be much smaller than the other dimension, (4) produces a reliable approximation for the total capacitance. In both parametric analyses, the ideal parallel plate formulation strongly deviated from the simulated results.
VII. CONCLUSION
This paper has demonstrated a useful formula for approximating the capacitances in non-ideal parallel plate capacitors, where the gap is on the same order of magnitude, or larger, than the sides of the plates. This situation arises quite often in the design of THz-and-higher metamaterials, so ideally this would lead to better analytical prediction of SRR resonance behavior without having to utilize finite element modeling. This has been verified with some electrostatic simulation results. The appearance of rather accurate estimations of resonant metamaterial frequencies using the simplified, ideal LC model is possibly due to a coincidental cancellation between non-ideal capacitive and non-ideal inductive terms. Thus, the next logical step would be to determine a similar formula which considers the non-ideal effects of a gap on the inductance of a split-ring resonator loop. 
